GIGI HAN CUA DAY SO
GVBM :POAN NGOC DUNG

A. DAY SO CO GIGI HAN 0
BAI 1 : Chitng minh riing cdc ddy s& (u,) sau ddy c¢6 gidi han O :

—1)" i -1)" cosn
1 un:ﬂ 2) un:smn 3) un:c0s2n Hu, - 1 5)un:%
n+5 n+5 Vn+1 n(n+1) n“+1
Sll'lﬂ
6)u= (099" Tyu =5 gy =Y gyu = 8-0083NEST ) P4l 42
(1,01)" 2" +1 2" 427"
BAI 2 : Tim cdc gi6i han sau :
. n°+4n-5 —2n> +n+2 . 3nYn+1 . (D" +2
1) lim 02 2)u, =TT 3)11m2L 4) tim
3n" +n" +7 3n" +5 n“+3n+1 n
4 N omah [ 12 _ 2 _
5y lim 21D 00s™n g VANt 40— 2n 7) lim( 2z 1 j 8) lim Y2~
n°>+1 n+3 n“+3n n°+2 1-3n
. . -3 2n+3 . 1
9 lim—ms———— 10) im ———— 1) im(2n-1),/——— 12)Im———
)lm2n2+4n+1 )lm—n3+6n—3 ) lim(2n—1) n*-n’>+2 ) V2n+1-+n+l
2 a2 5[5 2,31 _ 6
13) lim Vn?+2-yn’+1 14) lim(Vn? +1-3¥n*+1) 15 lim 2FYN 41 16) lim N ¥i-n"
i/n3+2_i/n3+n2 n4 n4+1—n2
B. DAY SO CO GIGI HAN HUU HAN
BAI 3 : Tim cic gidi han sau :
1)hmsn2+5n+4 2)hm—3n3+2n2+1 3) lim 2n+3 4) lim 2n’—n
2-n’ 2n°—n Von? +3-3/8n® +1 1-3n
5y lim vn?+n—n 6 lim 1 0O+(-D) (2nvn +2)(3++/n) $) lim 3" -25"
V4n? +3n - 2n n@2n? +n+1) (n+2)(n +2) 7+35"
9) lim ¥2n? —n® +n 10) lim n?+2vn+3 1) lim (n? +2)(n —1)° 12)lim (2n+1)(4-n)
2 2 _\/_ 2 2 3
n%+n—n 2n2 +n—+/n (n? +1)(2n +3) (3n+5)
13) lim Y20 +30 -2 14) fim /o301 =3 1) lim 20 AL (D
2n*-n+3 2n® +n°+2 7" +3.5"? 2(n+1)47n!

DS:1)-3:2)-3/2:3)2:4) =213 ;5)2/3:6)3/2:7)2:8)~=2/3:9)4/3:10) 1/2: 11) 1/4 ; 12) -4/27 ;
13)/272; 14)7/212 :15) 98 ; 16) 1/2.

C. DAY $0 €O GI6I HAN VO CycC
BAI 4 : Tinh gi6i han cta diy so :

_ 3 _ n _ 4
) lim—2n-+3n-2 2) lim(2" — 3") 3) lim>*1 4)lim =20 ~3n+4
3n-2 2" -1 n°—2n
5) lim (n+2)t(n +1)! 6)1i (n-2)%@2n+1)° . n(n-1)° . ~J6n* +n+1
im S0 i 2 g 8) lim Yo +N+2
(n+2)1-5(n +3)! (1+2n)%(3+n?) (n+1)*(n+2) 2n+1
2 3/,6 3 _ n n__
9) lim 21— 15N +11 10) lim Un® ~7n’ ~5n +8 1) fim @EDE=30) 8127
3n*-n+3 n+12 ¥n®+7n? -5 3'+2

BS:1)-0;2)-0;3)+0;4)—00;5)—0w0;6)+0;7)+0;8)+00;9)+w0; 10) +o0; 11) —c0; 12) +o0
BAI 5 : Tim céc gi6i han sau :

1) ljm(\/n2+n+1—n) 2) lim (\/n2—3n—n—2) 3)lim(J4n2+4n+3—x/4n2+1)
4 lim{/né+ 207 —n +2) 5) lim+/4n” +n +3/2n° —8n’ 6 limn (vn+1-+n )
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7 timn(VnZ +1-vn? -2 ) im{/n* +n* —Vn* +1) 9) lim(y/n® —2n? —n)

2 2
10) lim (1+n2—\/n4+3n+1) 11)lim( —3\/n3+2n2) 12)1im\/3n +1-vn*-1
n
2 2 2 4
n“—-2n++3n-+1 N _ ./ _
13)lim\/ +3°+ 14) lim Y0 +1=Vn+l 15) 1im—2n2+3n 2
n+3 3n+2 2n" —n+3

bS:1)1/2;2)-7/2;3)1;4)8/3;5)5/12;6)1/2;7)1/3;8)3/2;9)-2/3;10)-7/2;11)1;12)-2/3;13)
V3-15 141443 5 15) 173 5 16) V2 /2.
BAI 6 : Tinh gi6i han ciia day so :

Dlim{fn>+7 - 2n) 2 tim(n/n —2vn+1) 3) it +n+2-va+1)  4lim(n+i-va)n

5) lim BS:1)-w0;2)+0;3)+0;4) +00; 5) +00; 6) +o0.

6) lim

1 1
Jn+2 —+n+1 \/n+2—\/ﬁ

D. MOT SO DANG TOAN KHAC
BAI 7 : Tim gidi han clia cdc day s6 (u,) v6i :

. (1 .
1) Iim(n3—2n2+n+4) 2) lim+/3n* +5n2 +n-1 3) hm[anz —3sm2n+5) 4) lim(2n + cosn)

y 4 _ 2
5) lim+2n* —n? +n+2 6) im3/1+2n—-n’ 7) lim 4n_+2n-3n 8)Ilim,2.3" —n+2
Jn?+2n-2n

BS:1)+40;2)+0;3)+w0;4)+0;5)+0;6)—0w0;7)+w0; 8)+w
BAI 8 : Tinh gi6i han ciia ddy so :

i 4” _5rI 2n _3n +4 5n+2 4 3n _|_7n+1 3n+l _ 22n
1 lim—— 2) lim : 3) lim ————— 4)lim ——
Y e U P Y- T m e 3
n_ n+1 n+l n+1 2n n+2 2 _1\n
5 jim 10-5 n+13+ 2(32 6) lim 3.2 2n.3 7) lim 2n +5 n $) lim n2 +( 1)n+1
(5)" -(3) 4+3 3"+5.4 2n% +(-1)
2 n n n-1 n-3 n n n n+1
o) lim (N E2ME 4D gy 243 HS Ty (278 gy gy (32
(n+3)(n+2)3"* 2"% +3M° 45" (-2)™ + 3™ 5n+3"

bS:1)-1/3;2)20;3)7;4)-1;5)41/2;6)-6;7)4+0;8)1/2;9) 1/3;10) 1/625;11) 1/3 ; 12)\/5/3.

~

14343 +..43 242242 4.4+ 2" (1 1 1 1
1) lim 5 2) lim 3 HIlim —+—+—+...+
1+4+4° +..+4" 3+3°+3F+...+3" 12 23 34 n(n+1)
2 n B
41 1+2+22+...+2 5)hml+4+7+...+(3n+l) 6) lim i+i+i+_._+ 1
1+5+5%+...+5" n®+2n+1 1.2 23 34 (n=Dn
1+1+ L +..+ L
AT A T T oy 3 _ 3 3 _
7) lim—2-22 8) |im(1—i2j(1—12}.{1—i2j o) lim £ ~1.3 -1 M 1}
1+- 4+ + +57 2 3 n 2°+1 3+1 n°+1

bS:1)0:;2)1;3)0:;4)0:;5)3/2;6)1;7)8/5;8)1/2;9)2/3.
BAI 10 : Tim t8ng ciia cdc cAp s6 nhan 1di vo han

1) S=2+1+1+1+1+... bS:S=4 2) S=l+i2+...+in+... bS:S=1.
2 4 8 2 2 2

BAI 11 : B&i mdi s thap phan vo han tudn hoan sau thanh phin s6 :

1) 0,4444... bS :4/9 2)0,121212.. bS : 12/99

3)0,32111.. bS : 289/900 4)5,616161... bS : 556/99

BAI 12 : (SGK) Téng clia mot cAp s nhan i vo han 1a 5/3, tdng ba s6 hang diu tién cta né 1a 39/25. Tim
s6 hang dau va cong boi. DBS:q=2/5;u;=1.

T T T O T TR
DPAI SO & GIAI TICH 11 : GIOI HAN DAY SO & GIGI HAN HAM SO oot GVBM : POAN NGOC DUNG



LY THUYET GIGI HAN CUA DAY SO
GVBM : POAN NGOC DUNG

A. DAY SO C6 GIGI HAN 0

1) Dinh nghia : Ta néi ring day s6 (u,) c6 gidi han 0 (hay c6 gidi han 1a 0) n€u vdi mdi s6 duong nhé tuy y
cho trudc, moi s6 hang ciia diy s&, k€ tif mot sd hang nao d6 trd di, déu c6 gid tri tuyét d6i nhd hon s&
duong d6. khi d6 ta vi€t : lim (u,) = 0 hodc lim u_, =0hodc u, — 0 khi n — 400

n—+oo

2) Mot sé dinh Iy :

a) Dinh Iy 1 : Cho hai day s6 (u,) va (v,). N€u [u_| < v, v6i moin va lim v, = 0 thi lim u, = 0.
b) Hé qua : Iimikzo (k>0)
n
N N g N s e .1 .1 .1 .1
Mot s6 day sé ¢o gidi han 0 : lim—=0 ; Ilm—2=0; Im—=0; lim—=0
n n N Vn
¢) Pinh Iy 2 : N&u |q| < 1 thilimq" = 0.
; . U 2 ) o (-1) sinn
= Thi du : Chi'ng minh rang cdc day vGi s6 hang tong quét sau c6 giéihan 0 :a) ~—— b) ——
n+5 n+5
Ta c6 : ﬂ < ! Si va Iimlzo nén Iimﬂzo
nN+5| n+5 n n n+5

B. DAY SO CO GIGI HAN HUU HAN
1) Dinh nghia : Ta néi ring day s6 (u,) c6 gidi han la s6 thyc L néu lim(u, — L) = 0.
Khi d6 ta vi€t : lim (u,) = L hodc limu, =L hodcu, — L

Diy s6 c6 gi6i han 12 mot s6 thuc goi 1a day s6 c6 gidi han hitu han.

* Thi du : Chitng minh ring hm[(%) + 5] =5

Tacé: Iim{(éj +5—5J = Iim(éj =0. Viy theo dinh nghia ta c6 : hm[(%j +5] =5

2) Mot 56 dinh Iy :

Dinh Iy 1 : Gia st limu, = L. Khi d6 :

a) limfu | =[L| va lim3/u, =VL

b) N&u u, > 0 v4i moin thi L >0 va lim./u, =L

Dinh Iy 2 : Gid stt limu, = L, limv, = M va c 1 hiing s6. Khi d¢6 :

a) lim(u, +v,)=L+M b) lim(u,-v,)=L-M c) lim(u,.v,)=LM

uIl

d) lim(cu, ) =cL e) Iimu—”=ﬁ (n&u M = 0)
Vv

n
/\? e A A \ e A
3) Tong cdp so6 nhdn lui vo han :
2 ~ ~ A 2 z A At 1N 22 TEEEN A ~ A A INETPN
Xétcap s6 nhan :u;,uiq uiq”, .., uq" ,..co cong bdila q véi |q | <1(goila mdt cap s6 nhan lui v han).

Khi d6 :|S=u;.q +u2.q2 +..+uqg = %
—-q
. . 11 1 1 A ax < A e N
-Thldu2:T1nh:5+ Z+ —+..+ — +... Cip s0 nhén dé cho lui v6 hang vdi s6 hang déu :
1
Ulleﬁ_CGngbf)qul nén:S:l+l+l+...+i+...: W _ 2
2 2 2 4 8 2" 1-q ,_1
2
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C. DAY $O €6 GIGI HAN VO CUC

1) Dinh nghia 1 : (Day sd c6 gi6i han +o00) Ta néi ring day s6 (u,) c6 gidi han 1a +o0 n€u véi mdi s6 ducng
tily y cho trudc, moi s6 hang ctia diy s8, k€ tir mot s& hang nao d6 trd di, déu 16n hon s& duong d6.

Khi d6 ta viét : lim(u,) = 40 hoic limu, = 40 hoic u, — +o.

Ap dung ding nghia trén ta c6 thé chitng minh dudgc :

a) limn = +o0 b) lim+/n =+ ¢)lim¥/n =+

2) Dinh nghia 2 : (Diy s6 c6 gidi han —oo) Ta néi ring diy s6 (u,) ¢6 gidi han 1a —oo n€u v6i mdi s& Am
tily y cho tru6c, moi s& hang clia diy s6, ké tir mot s6 hang nao dé trd di, déu 16n hon s Am do.

Khi d6 ta vi€t : lim (u,) = —o0 hodic lim u, =—oohoiic u, — —oo khi n — +00

n—>+w

3) Binh 15 1 : Néu lim|u, |=+oo thi lim = =0
u

4) Dinh Iy 2 : (Pinh 1y kep vé gi6i han diy s8)
Cho ba day s& (uy), (Vn), va (w,). Néu U, <v, <w_ v6i moin va limu, = limw, = L (L € R) thi limv, = L.
lim (=D" +sin(n +10)

n

* Thi du 3 : Tim gi6i han clia day s6 :

= Gidi :

Tacé:|(-1)" <1 va|sin(n+10)[< 1

= |(=1)"+sin(n + 10)| < [(=1)"| + |sin(n + 10)| < 1 + 1 =2
= 2<(=D)"+sin(n+10) <2

2 < (=Dn+sin(n+10) < 2

=
n n n
Vi Iim(— gj = Iim(gj _ 0 nén theo dinh 1§ kep ta ¢6 lim D8N +10)_ 4
n n n
Qui tic 1 Qui tdc 2 Qui tic 3

o L Né&u limu, =L # 0, limv, =0 va v, >
Néu limu, = o0 va limv, =

$oo thi Tim(uy,ve) duge cho | NeU limun =0 valimva =L 20 g oy v, <0 thi lim — duge cho

thi lim(u,.v,) dudc cho nhu sau : vV,
nhu sau :
nhu sau :

. . . . ’ 9 . z 9 ’ 9 1 u n
limu, | limv, | lim(u,.v,) | limu, | Daucua L | lim(u,.v,) | DaucuaL | Diucua v, 1mv_
n

+00 +00 +00 +00 + +00 + + +00

+00 —00 —00 400 — —00 + — —00

—00 +00 —0 —0 + —0 - + —0

—00 —00 +00 —00 — +00 — — +00

D. PHUGNG PHAP GIAI CAC BAI TOAN GIGI HAN DAY SO

2 « 9. , . , ~ .- g 2 g P , u g A , A ~ 24 A - ~ A
a) B€ giai cdc bai toan tim giGi han cla bi€u thiic ¢6 dang —, ta 1ay s6 c6 sO mil 16n nhat dat thira s
Vn
chung & tif s6 va miu sd, rdi don gidn trudc khi 13y lim.
C#0 (Cla hing sd) néu bac tif bing bac miu.

2 . u A~ A 2 2 A X
Taco:lim—=< 0 néu bic t& nho hon bac mau.
V ¢ A 2 pe A X
" + 00 néu bic tr 16n hon bac mau.

b) Bé gidi cic bai todn tim gidi han ciia biéu thitc trong d6 6 hieu (\Ju, — v, ) hodc {fu, —3/V, ) (un va
vy 12 da thifc bi€n s6 n), ta thudng st dung phudng phdp nhin va chia v6i bi€u thifc lién hop twong wng véi
muc dich 13 m4t cdc ddu cin trong hiéu ctia 2 bi€u thic c6 chira dau cin.
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[GIC)’I HAN HAM SO ]

GVBM : DOAN NGOC DUNG

BAI 1 : Tim cdc gi6i han sau : (Gi6i han dang x4c dinh)

. . 2 . x2—x+1 3
D lim(x*+5x*+10x) DPS:48 2) Ilme;—XJrl bS:1 3) I|m13/2— bS: ﬁ
X—2 x>-1 2x° +3 -2 | X% +2X 2
-Xx+5 . 25InX—C0osS X 2 x+1|-5Vx°* -
4) lim x m;l 5) lim m:ﬁ ) lim | | bS:3
x>-3  x? +2x 3 x> 2—tanx 2 X2 2X+3
M:Tim cdc gidi han sau : (Gidi han dang vo dinh%)
2 2
. X —4 2x°—3x+1 1 x> —x+6 5
D lim—--: pS:48  2)lim pS: —= 3)lim 2
)X—>2X2—3X+2 T )x—>1x —2x*—-x+2 2 )H 3 X2+3X ‘ 3
3 4
X°+2 X" —27X
4)11'm( L 33] psS:-1 5 lim X+2v2 pS: -~ glim—> "% pg.9
-iI1-x 1-x x>z X% -2 2 x>3 2x% —3x -9
1 1 _
7)lim " BS2 8 lim[ 2 -] Bs:-L g m I3 g =2
x>2\ X2 =3x+2 X*—5X+6 i x* -1 x-1 2 x>-3 274X 27
3 x® +343 —
10) lim x - 1—)_5:—i 11) lim \2/_ bS: ﬁ 12)lim———— VX =2 bS: L
x>9 9x — x? 54 x—>-3 3—X 2 x—4 X2 — 4x 16
_ —443x% —x* _
13) lim X8 b 2L im CBs:0 15 m X g U
x>2—x7 —2X" +4x+8 4 x>2 —24+3X—X -2 4—x 4
x* —16 (x* —x —6)? 2 —xP+2x-1 5
16) lim ———— PS:-16 17) lim-=————" ps:0  18)lim —— DbS:-—
x>-2 X2 + B6X +8 x—>-2 X% 42X H% 1-8x 12
2 3
19) lim ~2 pS: 22 20) hml—x ps: > 21)1111{ ! 12 )D_S:l
XoV2 X2 =X ++/2 -2 22 -1 x>l x* —4x7 +3 4 ol x-2 x° -8 2
x" -1 n X0 +x-2 11 X% +x —258 1025
22) lim——— bS: — 23) lim———7+— pS: — 24)lim——— pS:——
x>1 X% 4 X —2 3 x>l X° 4 X —2 6 x->2 x* +x—18 33
BAI 3 : Tim céc gi6i han sau :
Jx—2 — 1- 3«/1 .
1) lim—— X=2-2 B_S:l 2) lim——— X ]D_s:l 3)I|m X+2 B_S:g
x>6 X —0 4 x—0 9 Xx—=24/4x+1-3 8
UYx+1-1 V2x —x* -1 2—~4—-x
4)lim ——— B_S:i 55 lim—————  PS:0 6) im———— B_S:l
xeom 2 3 X—1 X —X x—0 X 4
\/X +1-1 NG _ 3 _
ps:0 & limXEXHLTL pe 1 gy WX I 2 b g
x—>0 X2 + X x—0 3x 6 ’Hlx/xz+x+7—3
_ 2 _ 3 3 _ 3_
10) lim VX+35 \/x2+x 4 ps : 1 11 Tim \/10;!—2)( + X ID_S: 3 12)lim X' =27 S : 54
x>-3 9-x 2\/5 x>-1 X"+ 3x+2 2 x-3 x+1_§/4xz+23
BAI 4 : Tim céc gi6i han sau :
D lim Ix—1-1+x ps: L 2 fim Y 22+x 41 ps 22 3 m \/1+4x\/1+x “1ps: L
xo>1* \/X2_1 2 x>l X2 —4X+3 3 X0 3
BAI 5 : Tim céc gi6i han sau :
_3 V5—x3 —3/x? +7 Xx+1+3x-1
0 hm\/2X+l3O KAl pe 5 o) im 2 ps: L 3 1im bs: 2
x—>-3 X +27 324 x—-1 X -1 24 x—0 X 6
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. 2—Vx*-12 2 X2 x+4-32x*+8 1
4)lim bS: -= 5) lim 5 bS: —
ke x—19 - 1fVx 12 -2) 9 x>0 X +3x 12
3443 _ _ _ 2 _1_ 2 _
6) 1im 24X 24+\/x—|;2 B3 e 19 o 1+3Vx2 +x—1-5V2x° 1 bs: 11
X2 4-x 16 Xl 1-x 4
BAI 6 : Tim céc gi6i han sau :
A . }Bx+1-1  AUx?—2Ux +1
1)Iim& 1 D_S:§ 2) lim——= bS:1 3)lim \/_+ ]5)_S:—l
x—13/x —1 4 x>0 X x—1 x-1 3
BAI 7 : Tim cdc gi6i han sau :
3 /x+4 11 _ 3_
1) lim DS:40 2) |Im(———2j bS:-o  3)Ilim X—l bS : 4+
X2 (X —2)? x>0\ X X x—1 x2 _2x +1
1 1 2 2X+1 .
4 lim| —+— bS:40  5)lim bS:-o  6)lim > bS -
x>0\ X x? -1 (x —1)* 2x-3 L (X=1)(x" -3x+2)
2
RV . 2x+1
7)lim (l—lj 1 bS: —x 8) lim M PbS:-w 9) |Im—2 PbS:-w
o3(x 3)(x-3)° x=-1(x? + 3% +2)2 2 (X +2)
BAI 8 : Tim cic gi6i han sau : (Gi6i han mdt bén)
| x-2] x=2| x-2| .
D lim—— bS:1 2) lim—— bS:-1 3) lim bS: khong ton tai
x—>2t X —2 x>2" X—2 x>2 X —2
4 lim 4-x" pS:0 5 lim X4x+2 oo 6) jim X2V ps : -2
x=2" 4J2 =X = x>0 Jx® + x4 = x—0* X_\/; =
2
. X°=7Tx+12 . X . A8+2x -2
7) lim D_S:ﬁ 8 lim (x*+1) . bS:0 9 Im ———— PS:0
x>3 A9 x? 6 x>(-1)° x? -1 x> AfX+2
. 2 1001 i 3-X
10) tim XE3X*2 0 pe 1 Im—(——j pS:—1 12) lim -2 ps:0
x> [ X+1]| x>0 X\ X+1 x>3" 1[27 — %8
. V1-X . Al-x+x-1
13) lim x. ps: L g lim 22X pg g 15) hm( ! ! 3j DS : +o0
x->1 2\/1—X+1—X 2 ol [y? _x3 x> (X —1 1—X
16) lim (—1 1 j PS 17) lim Z45X-3 o 18) lim x'-8 s : +
x> (x-2 x?-4) -3 (X+3)°* T x-2" X% —2X =
Jx -1 VX% + X =X x*+1
19) lim bS:+0  20) M ——F—— Jx PS:+0o 21) lim ————— PBS:+w
x>t X% — X x>0° X x>(-3) X* +4X+3
2_
2) lim X oFH2 pei 03y im XX pgi g4 fim XTEILEX 11X by, 1
x—2* X =4 x—1" X°=Bx+4 x—1* ',X -1 \/5

BAI 9 : Tim gigi han bén trdi, bén phai va gidi han (n€u cé) clia ham s6 f(x) :
Dico= JAXITL Khix<=2 e f00: lim () va_lim f(x) BS :3
X) = .Tim X I X) va :
V2x?+1  khix>-2 x—(-2)" >(-2)" X—>-2 =

z_ ix<
2) f(x) = X maxs kh_|x_2 .Tim lim f(x); lim f(x) va lim f(x) DS : 3 ;5 ; khong ton tai.
4x —3 khix>2 X—2~ x—>2* X—>2

V9-x?> Kkhi—-3<x<3

Dio={ 1 Kix=3 i lim £(9) ; im f() va lim f(x) (néuco)
VXx?=9 khix>3

BAI 10 :
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x®+1 :
Y khix<-1 ... :
1) Tim m d€ ham sO f(x) =9 x+1 cogi6ihantaix=-1. BDS:m=1v m=-2
mx? —x+m? khix>-1
. L3 hixs1 o _
2) Tim m dé ham s8 f(x)={x-1 x’—1 c6 gidihankhix > 1. DPS:m=-1
mx + 2 khi x <1
BAI 11 : Tim céc giéi han sau : (Gi6i han dang ham s& lugng gidc)
_ 1+sinX—cosX _2sin®x+sinx -1 . COS2X
D lim=—= pS:-1  2)lim— . psS:-3 3)lim pS:1
x—01—sin X — COS X HgZSln X—-3sinx+1 xtl—tanx
_|1-[1+sin3x| . C0S2X+sin2x +1 . 1
4)lim | ——=1 DPS: 3J/2 5)lim pPS:2 6) lim|———tanx | PS: 0
x—0 ll_cosx X_>g COS X X_,g COS X
. COS X —CO0S 3X . cosdx -1 . tanx —sin2x
7) lim ps: 8 8) im —— pS:0 9lim——— PS:1
x>0  1—C0oSX x=0  sINn4x H% tanx -1
. sin 2x . 1-c0s2x +5sin 2x . SinX —cos X
10) lim —— PS:-1  1D)lim——= : bs: 1 12) lim———= B_S:—Q
x->01—5sin 2X — C0S 2X x>0 28in X +SIn 2X 2 Hg 1-tanx 2
. 2sIin X —Sin 2x . COS X — C0S 3X o tan®x -1
13)lim —— DS:0 14) lim — PS:0 15 lim————= PS:3
x=071 —C0S2X +SIN° X x-05iN 2X +C0S 2X —1 "ol tanx —1

BAI 12 : Tim céc gi6i han sau : (Gi6i han v cuc)
) XIirp (3x*=5x*+7) PBS:-w 2)limv2x*=3x+12 BS:+w  3)lim (\/X2+3X+1—5X+1)B_S:+oo

X—>+0 X——0

BAI 13 : Tim céc gi6i han sau : (Gi6i han dang v6 dinh E)
o0

. 2x3+3x—4 . x>+3x-8 . X2+2x-1
D Iim = "=""" psi2 )lim " ps:0 3lim I PS:4e
X—to — X7 —X° +1 x>t X% —6X +1 N
3 — o 2xP+7x3 -1 ) X~/ X
b oim AT pg s lim XD pg 6)||m2L pS: 0
x>—o x° —3x -2 X—>—00 X X—+0 K —X+2
-1+ x)*(3+x)? _ 452 . X2+ x+1
m LX) )2( )29_3:1 8) lim X TX*2 pg. o 9)lim pS: 1
x>+ (2 -X)(3-X)"(4—x) x>0 3x =2 x>0 (X +1)(X + 2)(x +3)
) X2 +2X 1 ) 2x° +x% -1 . xX*-5
10) lim 3—"""— ps: = 11)lim 3 g pS:1 12) lim =5 DS : +
x>0 | 8X =X +3 2 x>+ \[(2x° =1)(X” +X) x40 X 41
13) lim 2x°+x-10 e 14) lim XX o 15) lim X' =5%X+2 o,
e — N . 400 - . 400
X —>+00 09— 3)(3 — X —>+00 2X —71 I X —>—00 2| X | +1 B
_2x*+3x-4 _ (3x*+1)(5x +3) _(2x=3)*(4x +7)°
16) lim —————  PS:-2 17) lim bS: 0 18) lim DS:+0o

x—ion — X3 — X% +1 o (23 -D(x+1) x>0 (3X—4)2(5x% +1)
BAI 14 : Tim céc gi6i han sau :

IX? —x —/4x2 +1

VX% +2x+3 4x —x+1-x+2 1

. 1 .

D lim bS: — 2) lim ——PS:1;-1 3)Ilim bS ——

)X—>—°° 2X+3 - 2 )X—>i°° 3 —x+1 )X—>+w 4-3x - 3
[ 3142 _ 2x|+3 X+ X

4) lim e St bS : 4 5)|ImL bS:2 6) lim ———— bS:-w
> 0x +3-33+2x —x° > IX* +X+5 xome X +4
2 _ N 4x2 — . x4 —x

7) lim \/ZX x+12 DS : ﬂ 8) lim M PS:—o 9 lim ——> bS : +o
X—>—00 3|X|_17 3 X—>—00 3,X2+2X x—>-o 1—2X
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x|+ VX +x 2x* +x% -1 X? —X+5
10) lim —— pS:-2 11l bS:-o 12) lim
X—>—00 X +10 X—>-+00 —2X X—>—00 -1
2 . 2 2 _
13) lim VOXZ +x +1 —V4x> +2x +1 S+ 14) Tim 2X°+3x -5 S - too
X—+0 X+1 X—>—o0 /X2+1_3X

BAI 15 : Tim céc gidi han sau : (Gidi han dang v6 dinh oo —0)

1) lim (\/4x2 —x+2x) psS: L

! " 2) lim 5
o X—>100
4) X|LI‘+T1 (\/1+X—\/1+X+X2)D_S:—oo 5) ]jm(\/4x2+4x+3—2x+1)D_S:O 6) ljm(x+1—3\/x3+2x2)

7) lim (2x—3—\/4x2—4x—3)D_S =20 8) lim (3Jx3+5x2 —i/x2+8x)B_s:J_roo 9) lim(4x+3\/3x2—64x3)D_S:

—to0 —too

(\/x2+x+4—x+3)D_S :Z;+oo 3) lim

X—>+ 0

X—>+0

X—>1o0

10) lim (" +3x° —vx2—2x ) BS 12 11) lim [2V4x* —3x +3x" —x - 7x* +3)

X—>+00 X—>+00

BAI 16 : Tim céc gi6i han sau : (Gidi han dang vo dinh «.0)

. : [ x
1) lim [(x+3)(\/x2+4—x)J bS:2 2 I|nz1+(x—2) 72 bS:0
4) |im(x+1)‘/; PS:0  5)lim(x+5) =X ps:
X—>+00 2X4 +X2 +1 X—>—0 4—2X—X3
1
7) lim x(\/x2+3+x) pS:-> 8) I|m—2( > —) bS:-1
X0 2 -0 x°(x°+1

J2

3 —
10) lim 1 /SX +x—1
x>t 4x —7 x+4

w2

X—>+0

= MOT SO PHUONG PHAP KHAC PE TiM GIGI HAN CUA HAM SO

11) lim x(\/x2 +2X + X —24%? +x) ]ﬁ:_l

1) Phuong phdp dung dinh Iy ham so kep giita hai ham so.

BAI 17 : Tim céc gi6i han sau : (Gidi han dang ctia ham s6 lugng gidc)

m:—i

2

1 X+xi=2

(m—\/;) bS:

S:

3) lim
) ooxi x| 2x+1
: x-1
6) lim (x+2),[—
X—>+00 X +X

9) lim x(x+m)

X—>—00

4

. 1 . SIN2X + 2¢0s X . .1
1) limx?cos = PS: 0 2) lim=——= PS: 0 3) limx?sin=

x—0 X X—>00 X +Xx+1 x—0 X

, N . » M SinX
2) Phuong phdp dung dinh ly Ilng T =1.
. sinu(x) . X . tanx
Hé qua : lim =1; lim——=1; lim——=1.
Xx—a u(x) x-0 §in X x—0 X

BAI 18 : Tim céc gi6i han sau :

. sIn3x . 1—cosbx 25 . sin2x
D lim bS:3 2) lim——— bS:— 3) lim——
) x—0 X - ) x—0 X2 - 2 ) x=0 /x+1-1

. sinx —+/3cos X Y. 2 _ . 1-—cos2x
4y lim : PS:-2 5 m¥EX ZCX pep glimT X

X_)g sin 3x 3 Xx—0 X x-0  §in° X

. sinbx . Xsinx . tanx —sinXx
7) lim > S %;E 8) lim——— bS:2 9) lim ————

x=0 2% 2 x->0] —CoS X x>0 X
BAI 19 : Tim céc gi6i han sau :

f 3y _ 3ag2 2

1 im XXX e 2002) DS 2 2)1j1n‘/3x L4200 +1 (DBBH 2002)

x>0 X 6 x>0 1—cosx

6_

3) Iirqm (DBPH 2002) BS:15  4) lim (%/x3+3x2 —\/xz—x+1)

(x-1)

bS:

bS:

bS:

N

N|jw ool
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BAI TAP NANG CAO GIGI HAN HAM SO
GVBM : DPOAN NGOC DUNG

BAI 1: Tim cdc gidi han sau:

1) lim (Bx +1++/9x° +3x+4)

X—>—00

V1-2x —3/1-3x

X2

3) lim

X—0

_3
5) lim \/x+121 3/43 +8x
x>-2  2X"+3X-2

lim VAx? +5-3x

9) lim —— X_13
Hl\/x +3+Xx°-3x

7)

3 3 2 _ 2
1) lim \/27X 200x° +12x +9 \/X 5X+2

X—>+00 11x -4

VAX+4 ++/9—6x -5
XZ
— 2_
15) Iim«/Zx 1+x2 3X+1
1 3x -2+ x%—x+1
17) lim 3sm42x+50032x
x>+o - 3X° 42X +1

Ux+1-+1-x
X

13) lim

Xx—0

19) lim

x—0

21 "mxz{\/x+2_i/x+3J
X—00 X X

X+ X2+ x3+. .. +x%8_-2018

23) lim
x—1 X—=1

25) lim X =1
x->1x™ -1

27) lim 8L+ 2x)(L+3x)(L+4x) -1
X—> X

(%2 + 2004 /1= 2x — 2004

X
3/ 2 _4afr_
31) lim 1+ X 21 2X
x—0 X+ X

2019y,
33) lim *i; !

x>l x° -1

29) lim
x—0

x>1 X° 4 X —2
Vi+4x31+x -1
X

37) lim

Xx—0

39) lim X(\/X2+2X—2\/X2+X +x)

X—>400

2) lim (\/x2 +4—§/x3—8)

X—>+00

\/2x+1—3\/2x+1

4) lim
0 Y2x+1-1
3
6) lim V1+2x 2\/1+3x
X—0 X
8) lim AWX+T —4/x+2-1

x>2 \[x =1 ++/5X +6 —5
IX=1+x* =3 +x%+3

10) lim

X2 \2xX -2
2 J—

12 lim V2X° —=5x+2

iy 1

2 4
2018

14) lim X 2018x2+ 2017

Xx—=1 (X _1)

. X+5
16) lim(1—x ,/—
) Hr( ) X°+2x -3

X+1++/X+4-3
X

18) lim
Xx—0
X3 +x2 —6x+|x+3|

20) lim
x—(=3)" X+3

4 2
) Iim(\/ﬂrx 1 +2x —4}

x> || X+ 2X* X

2 3 n
24) |imX+X + X +...+X n
x—1 X—l
26) lim X —MX+n=2 _”XT_l
x—1 (X_l)
28) lim

Va+Xx— Q/E
x—0 X
. (x®+2015R/1-4x? — 2015
30) lem( 5
7 — —
32) lim~2=*~1

X
x—1 X—l
4 _ 5 _

34) lim 42x -1 +3x -2

Xx—1 X—l
36) lim X8 +x—258

x>2 x* +x-18

o 3V4axP =24 +/x +2 -8J2x -3
38) 111’2 1

X—> —X

40) lim (2\/4)(2 “3x +3x* —x = TWxX2 +3)

X—>+00
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4 _ 2 _ 2 1 _ 2_
A1) tim Jxt+1-4x> +3 ) BET 1+3Vx +x-1-5V2x7 -1
> 0x +3-33+2x —x° Xl I-x
4 A2
43) lim VX' +1-4x"+3
H‘°°2X+3—3\/3+2X—x3
. x*+ax+b 1 , ,
BAI 2: Cho lim N =—E(a,beR).Tinht6ngS:a +b”. bS:S=13
. . av2x?+3+42017 1 J2
BAI 3: Cho lim = — . Tinh gi4 tri cda a. bS:a=—
wowo 2%+ 2018 2 s et =875
2
BAI 4: Tim a, b sao cho Iim{X JrL;X—(ax+b)}=l PS:a=1;b=5.
X —>+00| X_
BAI 5: Tinh P = a — 4b. Biét lim \/4x2—3x+1—(ax+b)J:O bS:P=5.

X—>+00

BAI 6: Cho cic so thuc a, b, ¢ thda cZ+a=18va lim (\/ax2 + bx —CX): —2.TinhP=a+b + 5c.

X—>+00

bS:P=12.

BAI 7: Cho lim (\/x2 +ax+5+x)=5.

X—>—00

Ching minh riing gid tri cia a 12 mdt nghiém ctia phuong trinh x> + 9x — 10 = 0.

I +x+2-37x+1 a2

BAI 8: Bi&t lim

X1 J2(x-1)
bS : 13.
Ix+2-2
BAI9: Timm dé hamsd f(x)={ x_2 "% >2 6 gi6i han tai x = 2.
mx +1 néu X <2
----- G-

bS:a=-

10.

4 - g .
+C vdia,b,ceZva b l1a phan so to1 gian. Tinh a + b +c?
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LY THUYET GIGI HAN CUA HAM SO
GVBM : DPOAN NGOC DUNG

A. PINH NGHIA VA MOT SO PINH LY VE GIGI HAN CUA HAM SO

I. GIGI HAN CUA HAM S& TAI MOT PIEM

1) Gioi han hitu han

Dinh nghia 1 : Gi s& (a ; b) 12 mot khodng chita di€m x va f 12 mot ham s& x4c dinh trén tip hop (a ;
b)\{Xo}. Ta néi riing ham sd f c6 gidi han la s6 thuc L khi x din dé&n x, (hoic tai di€m X,) néu vdi moi diy
sO (x,) trong tAp hop (a ; b)\{xo} (tic 1a X, € (a ; b) va X, # X v6i moi n) ma limx, = xo, ta déu c6 limf(x,) =
L. Khi d6 ta viét : lim f(x)=L hay f(x) — L khi x — x.

X—>Xq

Nhan xét : lim x =X, ; lim ¢ =c (c 12 hing s0)

X—Xg X=X

2) Gidi han vé cuc : Gidi han vd cuc clia ham s6 tai mot di€ém dugc dinh nghia tuong tu nhu gigi han hitu
han cda ham s6 tai mot di€ém. Chiang han, lim f(x)= +00 ¢6 nghia la v6i moi day (x,) trong tdp hop (a ;
X—=>X

b)\{xo} ma limx, = X, ta déu c6 limf(x,) = +oo.

Il. GIGI HAN CUA HAM SO TAI VO cUC

Dinh nghia 2 : Gia st ham s6 f xdc dinh trén khodng (a ; +o0). Ta néi ring ham sd f ¢6 gidi han 1a s6 thuc
L khi x din d&n +o0 n€u véi moi diy s6 (x,) trong khodng (a ; +o0) (tifc 12 X, > a v6i moi n) ma limx, = 4o
ta d&u c6 limf(x,) = L. Khi d6 ta viét : lim f(x)=L hay f(x) — L khi x — +0. Cdc gi6i han : lim f(x)=+o0

X—>+00 X—>+00

; lim f(x)=—c0 ; lim f(x)=L ; lim f(x)=+cova lim f(x)=—co dugc dinh nghia twong ty.

Chii ¥ : Vi moi s6 nguyén duong k bat ky cho trudc :

ok . [+ néukchin ! .1

a) lim x“ =+ b) lim x* = p ) ¢) lim —=0 d) lim —=0

X—>+00 X—»—00 —o0 néu klé X+ X X——0 ¥
. MOT SO BINH LY VE GIGI HAN HUU HAN
Pinh Iy 1 : Gia st lim f(x)=L va lim g(x)=M
a) lim[f(x)+g(x)|=L+M b) lim[f(x)-g(x)]=L-M
¢) lim[f(x).g(x)]=L.M. Pic biét, n€u c 1a hiing s thi lim[cf(x)]=cL d) lim % = ﬁ (v6i M # 0)
Dinh Ii 2 : Gi4 st lim f(x)=L, khi d6 : a) lim|f(x) =|L| b) lim 3/f(x)=4L

¢) N&u f(x) > 0 v6i moi x € I\{xo}, trong d6 J 1a mot khodng ndo d6 chita xo thi L >0 va lim /f(x) =+/L

Dinh Iy 3 : (Pinh 1y kep vé gidi han clia hAm s6)
Cho khoang K chita di€m Xxo va ba ham s6 f(x), u(x) va v(x). Néu u(x) < f(x) < v(x) véi moi x € K\{xo} va
né&u: lim u(x)= lim v(x)=L thi lim f(x)=L.

B. GIGI HAN MOT BEN

1) Gidi han hitu han

Dinh nghia 1 : Gi4 st ham s6 f xdc dinh trén khodng (x¢ ; b) (xo € R). Ta néi ring him s& f c6 gidi han bén
phdi 1a s6 thuc L khi x ddn d&n x, (hoic tai di€m x¢) né€u vdi moi diy s6 (x,) trong khodng (xXo ; b) ma limx,
= X, ta déu ¢6 limf(x,) = L. Khi d6 ta viét: lim f(x)=L hay f(x) — L khi x — xo".

X=X

Dinh nghia gi6i han bén trdi ciia ham s6 dugc phat biéu tuong tu.

Dinh nghia 2 : Gi4 st ham s6 f xdc dinh trén khodng (a ; Xo) (Xo € R). Ta néi riing ham s6 f ¢6 gidi han bén
trdi 12 s& thuc L khi x dan d&€n x, (hoic tai di€m x¢) n€u vdi moi diy s& (x,) trong khodng (a ; xo) ma limx,
= X, ta d&u c6 limf(x,) = L. Khi d6 ta viét: lim f(x)=L hay f(x) — L khi x — x¢ .

X=X
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Dinhly 4 :

lim f(x)=L < lim f(x)= lim f(x)=L

X—Xg

2) Gidi han vo cuc

Céc gidi han : lim f(x)=+oo;

» Phuong phdp tim giéi han mét bén ciia ham sé :

X=X

.
X—Xg

lim f(x)=—o;

X=X

X—Xg

X—Xq"

Chi ¥ ring : khi X — X; nghiala X — X, va x > xo. Khi X = X; nghia 1a X — X, va X < Xo.
lim f(x); lim f (x) ton tai.

limf(x)=L<

X—>Xg

X—>X§

lim f(x); limf(x)=L

X—>X§

C. MOT VAI QUY TAC TiM GIGI HAN VO CUC

X—>Xqg

X—>Xq

Dinh 1§ 5 : N&u lim|f(x)|=-+oo thi lim

b
0 f(x)

X—=>Xo

=0

12

lim f(x)=+0c va lim f(x)=—co dugc dinh nghia twong ty.

X—Xq"

Quy tic 1 : tim gidi han cta tich Quy tic 2 : tim gidi han ctia tich | Quy tic tim gi6i han cda tich
f(x)-g(x) fEX; (TH g(x) > 0 khi x = xo) fEX; (TH g(x) < 0 khi x — xo)
lim £() | lim g() [ m[Fe).g0a] | lim 760 | img0o) | () | m 00 | im g [ . F09

0 0 0 0 0 X*))(o g(x) 0 0 )(*))(O g(x)

too L>0 too L +00 0 L —00 0

Foo L<0 F o L>0 0 +00 L>0 0 —00

L<O0 —o0 L<0 +00

D. CAC DANG VO PINH
Ta c6 4 dang vO dinh sau :

1) Dang — 0 : Tim lim —= ) khi I|m f(x)=limg(x)=0
0 X=X g(x) X—> X—Xg
2) Dang — :Tim lim E ; khi lim f(x) = lim g(x) =t
X=X g(X X—Xg X—Xg

3) Dang 0.0 : Tim lim [f(X).g(X)] khi limf(x) =0 va lim g(x) =+
4) Dang o — oo : Tim lim [f(x) —g(X)] khi lim f(x) = lim g(X) = +o0 hay lim f(x) = lim g(x) =—

* Chii y : Khix — x¢' ; X = Xo ; X = +o0 hay x —> —oo ta cling thudng gip cdc dang todn vo dinh nhu trén.
*» Phuong phdp gidi cdc bai todn giéi han ham so

Y SPE u NNt e il e
a) B€ giai cdc bai todan tim giGi han cla bi€u thic ¢6 dang —, ta 1ay s6 c6 sO mil 16n nhat dit thira so
Vn

chung & tif s6 vd miu sd, rdi don gidn trudc khi 14y lim.

C#0 (Cla hing sd) néu bac tif bing bac miu.
2 . u A~ A 2 2 A X
Taco:lim—=< 0 néu bac to nhd hon bac mau.
V ¢ 2 pe A X
" + néu bic tr 16n hon bic mau.

b) Bé gidi cic bai todn tim gidi han ciia biéu thitc trong d6 6 hieu (Ju, — v, ) hodc {fu, =3V, ) (un va
vy 12 da thifc bi€n s6 n), ta thudng st dung phuong phdp nhin va chia véi bi€u thic lién hdp tuong ng véi
muc dich 12 m4t cdc ddu cin trong hiéu ctia 2 bi€u thic c6 chira dau cin.
* Gidi han ham s6 luong gidc

sin X

a) Pinh 1y I|m—_1
X
sinu(x) . X . tanx
b) Hé g I|m—=1; lim—=1: lim——=1,
) Hé qud X—a u(x) x=0 SN X x—=0 X
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